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Department of Mathematics, University of Toronto, Toronto M5S 1A1, Canada 
Abstract--A tetrahedron having two right angles at each of two vertices was investigated by Lobachevsky 
(who called it a "pyramid"), Schl~ifli (who called it an "orthoscheme"), Wythoff (who called it 
"double-rectangular"), nd Schoute (who called its theory "polygonometry"). There is a simple procedure 
for dissecting such a tetrahedron i to three smaller orthosehemes. The two cutting planes meet hree of 
the four faces (which are right-angled triangles) along lines which can easily be described. When the 
tetrahedron is unfolded so as to put all the faces in one plane, the arrangement of lines suggests an 
interesting theorem of absolute geometry. When a particular spherical orthoscheme ofknown volume is 
dissected into three pieces, and the volumes of these smaller orthosehemes are expressed as definite 
integrals, the result is a peculiar identity which has not been verified directly. There is a one-parameter 
family of orthoschemes for which the three smaller orthoschemes are all congruent; he Euclidean member 
of this family turns out to be related to a very simply frieze pattern of integers. 
I. FR IEZE PATTERNS 
Let us define a f r ieze pattern to be an arrangement of  real numbers in staggered rows so that, if  
a and d are adjacent in one row, with b between them in the preceding row and c in the fol lowing 
row, then 
ad - bc = 1, 
as in a un imodular  matr ix rotated by 45 °. For  instance, we might have an endless row of  zeros 
fol lowed by an endless row of  ones and then a periodic row associated with a convex n-gon as 
follows. Let the n-gon be dissected, by means of  n - 3 diagonals,  into n - 2 triangles. Associate 
the successive vertices with posit ive integers which count the number o f  triangles occurr ing at the 
vertex. When such a cycle o f  integers is used for the third row of  the frieze pattern (with zeros and 
ones in the preceding rows), the nth row will be found to consist (like the second) entirely o f  ones. 
No other choice of  posit ive integers in the third row will have this remarkable ffect [1, p. 181]. 
For  instance, a l though there are several such frieze patterns when n > 5, there is essentially only 
one when n = 5, since the only way to tr iangulate a pentagon by means of  two diagonals is when 
these diagonals hare one vertex. This vertex belongs to all the 3 tri/~ngles; thus the cycle of  numbers 
is 3, 1, 2, 2, 1, and the frieze pattern is: 
0 0 0 0 0 0 0 0 0 0 
• ..  1 1 1 1 1 1 1 1 1 . . -  
3 1 2 2 1 3 1 2 2 1 
• . .  2 1 3 1 2 2 1 3 1 - . .  
1 1 1 1 1 1 1 1 1 1 
• . .  0 0 0 0 0 0 0 0 0 . . .  
2. THE GENERAL ORTHOSCHEME IN ABSOLUTE 3 -SPACE 
There is a theorem of  "abso lute"  geometry which states the fol lowing 
Theorem I 
I f  two lines AB and CD are such that AB lies in a plane perpendicular  to CD,  then 
CD lies in a plane perpendicular  to AB. 
This is trivial when the two lines intersect. To prove it when they are skew, let C be the point  
where CD meets the perpendicular  plane through AB, and let B be the foot of  the perpendicular  
f rom C to AB, as in Fig. 1. Extend AB to A '  so that AB = BA'.  By considering pairs of  congruent 
triangles [2, pp. 182-183] we deduce, in turn, that CA = CA' ,  that DA = DA' ,  and that DB is 
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Fig. 1. How two skew lines may be perpendicular. Fig. 2. A trisected orthoscheme. 
perpendicular to AA'. Hence AA' (or AB), being perpendicular to both BC and BD, is 
perpendicular to the plane BCD (through CD), as desired. 
The two skew lines AB and CD, each lying in a plane perpendicular to the other, are naturally 
said (though not by Euclid, nor by Forder [3, p. 124]) to be perpendicular. Then we can define an 
orthoscheme to be a tetrahedron ABCD in which the "successive" dges AB, BC, CD are mutually 
perpendicular. 
It follows that all the four faces of an orthoscheme are right-angled triangles, the right angles 
being ABC, ABD, ACD, BCD. Moreover, the dihedral angles along the edges AC, BC, BD are 
right angles: say 
(AC) = (BC) = (BD) = n/2. 
(The symbol (BC) is an abbreviation for Schoute's A(BC)D [4, p. 268], meaning the dihedral angle 
formed by the planes ABC and BCD.) The remaining dihedral angles 
~t = (CD), fl = (AD), 7 = (AB) 
determine the shape of the orthoscheme (and thus, in the non-Euclidean cases, its shape and size). 
The symbol 
(~,/~,7) 
is convenient, although it fails to distinguish between the dextro and laevo varieties of this chiral 
solid, which are "oppositely congruent". However, (~t, fl, Y) and (7, fl, ~) are "directly congruent", 
so we can simply regard them as alternative symbols for the same object. 
One might well imagine that, if all the four faces of a tetrahedron are right-angled triangles, the 
tetrahedron must be an orthoscheme. Although this is true in Euclidean and hyperbolic spaces, 
it is not true in spherical and elliptic spaces [2, p. 142]. The counter-example, noticed by J. B. 
Wilker, is the "Clifford disphenoid" formed by taking a rectangular Clifford parallelogram and 
inserting its two diagonals. 
3. THE DISSECTION INTO THREE ORTHOSCHEMES 
Just as any planar polygon can be dissected into a finite number of right-angled triangles, any 
polyhedron (Euclidean or non-Euclidean) can be dissected into a finite number of orthoschemes 
[5, p. 246; 6, p. 241]. In particular, we have the following absolute theorem. 
Theorem 2 
Any orthoscheme can be dissected into three orthoschemes. 
To prove this, we construct the two cutting planes ACE and CEF by drawing CE perpendicular 
to BD, and then EF perpendicular toAD, as in Fig. 2. Consider the two skew lines AD and CE. 
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AD lies in the plane ABD, which is perpendicular to CE (since the dihedral angle along BD is a 
right angle), so CE must lie in a plane perpendicular to AD, namely the plane CEF. Thus, AD 
is perpendicular to CF. In other words, all the four angles at F (in the planes ABD and ACD) 
are right angles [7, Section 3.5]. It follows that the two planes ACE and CEF serve to decompose 
the orthoscheme ABCD into three smaller orthoschemes 
ABEC, AFEC, DFEC. 
Since ~, fl, 7 are the angles at C, F, B in the right-angled triangles ACB, CFE, DBC, respectively, 
these three angles must be acute if the geometry is Euclidean or hyperbolic. However, there is no 
such restriction in elliptic or spherical geometry. For instance, there is one peculiar kind of 
orthoscheme, (0t, fl, ½n), in which D is the pole of the plane ABC, and another, (~, ½n, y), in which 
AB and CD are polar lines. Combining these pecularities, we have J ' (~t,in, in), in which ~t is the only 
acute dihedral angle and all the edges except AB have length ] ~ l in. Finally, (in, in, ½n) is the orthant, 
1 all of whose edges and dihedral angles are in. This, being analogous to the quadrant of a circle, 
or the octant of a 2-sphere, is one-sixteenth of the whole 3-sphere. 
4. TWO LINES CROSSING AT RIGHT ANGLES 
The three faces of the orthoscheme ABCD that surround the vertex D form a trihedral angle 
which can be slit along the edge DC (= DC') and unfolded onto a plane so as to form a pentagon 
ABCDC' with diagonals DA and DB, as in Fig. 3. The angle EFC is thus straightened into a single 
line EC' perpendicular to DA, and we can deduce the following theorem (which again is 
"absolute"). 
Theorem 3 
Let ABCDC' be a pentagon whose sides CD and DC' have the same length while 
the three angles ABD, BCD, AC'D are right angles. Draw CE perpendicular to the 
diagonal BD. Then C'E is perpendicular to AD. 
This theorem has aroused the interest of several geometers. J. S. Frame uses non-Euclidean 
trigonometry. J. F. Rigby observes that a proof in the style of the late Friedrich Bachmann [8, p. 93] 
can be based on Hjelmslev's "semi-rotation" (Halbdrehung). 
G/inter Pickert uses polarity with respect to the circle through C and C' with centre D. This has 
the "absolute" property that, if P and p are pole and polar, p is perpendicular to PD. Thus the 
line CE, through C perpendicular to BD, is the polar of B; and the line AB, through B 
perpendicular to BD, is the polar of E. Since C' and E are the poles of AC' and AB, C'E is the 
polar of A. Therefore C'E is perpendicular to AD. 
D 
Fig. 3. Polarity with respect o a circle. 
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5. AN OCTAHEDRON DISSECTED INTO 16 OR 48 ORTHOSCHEMES 
In Euclidean or non-Euclidean 3-space, consider a regular octahedron {3, 4} with centre C and 
dihedral angle 2~ (which is rc - sec -~ 3 ~ 109°28'16 " if the space is Euclidean, greater if it is 
spherical, smaller if it is hyperbolic). Figure 4 shows a square pyramid which is the "top" half of 
the octahedron, so that ADA' is one face (an equilateral triangle) and B is the midpoint of the 
edge AA'. The two "vertical" planes ACD and A'CD dissect the pyramid into four congruent 
trirectangular tetrahedra, one of which is CAA'D (with its three right angles at C). Another 
"vertical" plane BCD bisects this tetrahedron, one half being the orthoscheme ABCD, which is 
thus one-eighth of the pyramid, or one-sixteenth of the octahedron. For comparison with Fig. 1, 
notice that now the dihedral angles along the edges CD, AD, AB are re/4, y, 7, so this orthoscheme 
is of type (Tt/4, ~, 7). For comparison with Fig. 2, notice that now E is the centre of the equilateral 
triangle ADA' and F is the midpoint of AD, so that the angles at E in the triangle ABD are all 
equal: at = a2 = p = n/3. 
The octahedron has altogether nine planes of symmetry, three mutually perpendicular (already 
used) and six "oblique", perpendicularly bisecting pairs of opposite edges. In particular, the 
perpendicular bisectors of the edges DA' and DA are the planes ACE and CEF which trisect the 
orthoscheme ABCD into three congruent pieces: the orthoschemes ABEC, AFEC, DFEC, all of 
type (zG3, n/4, ~). In fact, the plane ACE bisects the right dihedral angle along AC and reflects 
ABEC into AFEC, while the plane CEF reflects AFEC into DFEC. 
Schl~ifli [5, pp. 263-270; 6, pp. 175, 259] used the symbol f(~t, fl, y) for the volume of the 
orthoscheme, in terms of the orthant as unit of measurement. In this notation, what we have found 
is that 
f(rc/4, ~, ~) = 3f(rr/3, ~r/4, ~). (1) 
A F O ,4' 
Fig. 4. Dissecting one-half of a regular octahedron. 
6. POLYGONOMETRY 
Sehl/ifli's investigation of the general orthoscheme was continued by Schoute [4, pp. 267-273], 
Wythoff [9] and Bfhm [10, p. 22]. Schoute named it Polygonometry: "the measuring of many 
angles." My own contribution [11, pp. 124-141] is the observation that these "many'angles" can 
be consistently denoted by 4-digit symbols 
[s t u v] ( - l<~s<t<u<v~4)  
which are related to the cross ratios of tetrads among six (or more) points on a circle. These cross 
ratios involve certain 2-digit symbols (u, v) satisfying the symmetrical equation 
(t, u)(s, v) + (u, s)(t, v) + (s, t)(u, v) = 0, (2) 
which implies (u, u) = 0, (u, v) + (v, u) = 0. 
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o/~ [ ~uv ] 
d(s,t )(u,v) 
Fig. 5. An application of Pythagoras. 
d(t,u)(s,v) 
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(-- l, 1) (0, 2) (l, 3) (2, 4) 
(-- 1, 2) (0, 3) (1, 4) 
(-- 1, 3) (0, 4) 
( -1 ,4 )  
B6hm [I0, pp. 22, 44] prefers to let the numbers , t, u, v run from 0 to 5, instead of -1  to 4. 
We shall find it convenient to assume that (u, v) is positive when u < v and to write equation 
(2), with s < t < u < v, in the less symmetrical form 
(s, t)(u, v) + (t, u)(s,v) = (s, u)(t, v), (3) 
so that, by Pythagoras, the square roots of the three products are the sides of a Euclidean 
right-angled triangle, as in Fig. 5. 
It can be verified that all the trigonometrical relations among the 15 "parts" of a spherical 
orthoscheme ABCD (or AoA1A2A3) are satisfied when we define Is t u v] to be the angle 
opposite to x/(t, u)(s,v) in the Euclidean triangle, so that 
t u v] = /(t,u)(s,v) J~,t)(u,v) sin[s X/ (s, u)(t, V)' COS[S t u v] = u)(t,v)' 
tan[s t u v]= /(t,u)(s,v) 
~] (s, t)(u, V)" 
We name the (64) = 15 "parts" as follows: 
AD=[ -1  0 3 4], BD=[ -1  1 3 4], CD=[ -1  2 3 4], 
BC=[ -1  1 2 4], AC=[ -1  0 2 4], AB=[ -1  0 1 4], 
=(CD)=ACB=[- I  0 1 2], f l=(AO)=[0  l 2 3], 
= (Aa)  = CBD = [1 2 3 4], 
CAD=[0  2 3 4], BAD=J0  1 3 4], BAC=[0  1 2 4], 
BDC = [ -  1 1 2 3], ADC = [ -  1 0 2 3], ADB = [ -  1 0 1 3]. 
For instance, the relation cos ADB cos BDC = cos ADC (for the trihedron at D) comes from 
( -1 ,0 ) (1 ,3 ) ( -1 ,1 ) (2 ,3 )  ( -1 ,0 ) (2 ,3 )  
( -1 ,1 ) (0 ,3 ) ( -1 ,2 ) (1 ,3 )  ( -1,2)(0,3)"  
The (62) = 15 positive 2-digit symbols may conveniently be exhibited as a triangular pattern: 
( -  1, O) (0, 1) (1, 2) (2, 3) (3, 4) 
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[12, p. 204; 13, pp. 59-60]. There are enough degrees of  freedom to allow the simplifying assumption 
(u, u + 1) = 1, (4) 
which makes the first row consist entirely of  ones, so that 
sec 2 ~ = ( -  1, 1)(0, 2), sec 2 fl = (0, 2)(1, 3), sec 2 7 -- (1, 3)(2, 4), (5) 
tan 2 ct = ( -  1, 2), tan 2 fl = (0, 3), tan 2 ~, = (1, 4). (6) 
Since the shape of the orthoscheme is determined by three suitably chosen edges or angles (such 
as the dihedral angles 0c, fl, ?), the four entries (u - 1, u + 1) in the second row still admit one 
degree of  freedom. Thus, one of  these four numbers may be chosen how we please, and if the 
dihedral angles are given, the remaining three numbers in the second row can be computed from 
conditions (5). 
By equation (3) with s = t -  1 and v = u + 1, 
1 + (t, u ) ( t  --  1, u + 1) = (t -- 1, u) ( t ,  u + 1). (7) 
Hence, any two adjacent entries a and d in one row, with b between them in the preceding row, 




is part of  the pattern, we have ad - bc = 1, as in Section 1. 
With these simplifications, the orthoscheme (~, fl, 7) has 
tan 2 AD = ( -  1, 4)(0, 3), tan 2 BD = ( -  1, 4)(1, 3) ( -  1, 4) tan: CD = (8) 
( - -1 ,1 )  ' ( - -1 ,2 ) '  
tan 2 BC - ( -  1, 4) tan 2 AC = ( -  1, 4) (0, 2) tan 2 AB = ( -  1, 4) 
( - -  1, 1)(2, 4)' (2, 4) ' (1, 4) ' 
tan 2 CAD - (0, 4) 
(o, 2)' 
tan 2 BAD = (1, 3) (0, 4), 
,1) 
tan 2 BAC = "', 
(2, 4) 
tan 2 BDC = ( -  1, 3) - - tan 2 ADC = (0, 2) ( -  1, 3), tan 2 ADB = ( -  1, 3_____~) 
(--  1, 1)' (1, 3) " 
In particular, the orthoscheme ABCD of  Fig. 4, being of type (zr/4, y, 7), satisfies conditions (5) 
in the form 
( -1 ,1 ) (0 ,2 )=2,  (0 ,2 ) (1 ,3 ) - (1 ,3 ) (2 ,4 )=m,  
where m = sec 2 ?, making it natural to choose ( -  1, 1) = 2, (0, 2) = (2, 4) = 1, (1, 3) = m, so that the 
tr iangular pattern is 
1 1 1 1 1 
2 1 m 1 
1 m-1  m-1 
m -2  m -2  
m-3  
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and the "par ts"  are given by 
tan 2 AD = (m - 1)(m - 3), tan 2 BD = 
m (m - 3) 
tan 2 CD = m - 3, 
m -3  m -3  
tan 2 BC = ~ ,  tan 2 AC = m - 3, tan s AB = m-------l' 
tan 2 CAD = m - 2, tan s BAD=m(m-2) ,  tan sBAC=m-2,  
m -2  m -2  
tan 2 BDC = - -  tan s ADC = m - 2, tan s ADB = 
2 ' m 
Similarly, the or thoscheme ABEC,  which is one-th i rd of  ABCD,  is o f  type (rt/3, n/4,  y), and  
we have 
( -1 ,1 ) (0 ,2 )=4,  (0 ,2 ) (1 ,3 )=2,  (1 ,3 ) (2 ,4 )=m.  
Now we choose ( -  1, 1) = (0, 2) = 2, (1, 3) = 1, (2, 4) = m, so that  the pat tern  is 
1 1 1 1 
2 2 1 





and the parts (with C replaced by E, and  D by C) are given by 
m-3  
tan s AC = m - 3, tan s BC = ~ ,  tan s CE  = - -  
m -3  m -3  
tan s BE - tan 2 AE  = - -  tan s AB = - -  








tan s CAE = - -  tan s BAC = m - 2, tan s BAE = - -  
2 ' 
1 
tan s BCE = ~, tan s ACE = 2, tan s ACB = 1. 
7. LOBACHEVSKY 'S  "PYRAMID"  
So far, we have assumed the geometry  to be spherical (or elliptic), so that sin ~ sin ~ > cos fl 
[12, p. 16; 5, p. 258; 6, p. 248]. Since, by equat ions  (5), 
sin2 ~ sins 7 - cosS fl 
(1, 4) ( -  1, 2) 
(1, 3)(2, 4) ( -  1, 1)(0, 2) 
1 ( - -  l ,  4)(1,  2) 
= ( -  1,4)cos  0t cos 2 7, (9) 
(0, 2)(1, 3) (1, 3)(2, 4 ) ( - -  1, 1)(0, 2) 
this cond i t ion  is equiva lent  o ( -  1, 4) > 0. In fact, the same formulae remain  val id for hyperbolic 
space if  we al low ( -1 ,  4) to be negat ive and  make the natura l  ad justments ,  that is, divide the 
pure - imag inary  edge- lengths by i and  use the convers ion 
sec ix =sech x, tan ix = i tanh  x. 
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Thus, the hyperbolic orthoscheme (a, fl, 7) has the same triangular pattern, derived from conditions 
(5), but now the rule for computing successive rows automatically leads to a negative value for 
( -1 ,  4), and the six edges are given by 
tanh 2 AD = - ( -  1, 4)(0, 3), tanh 2 BD = 
tanh 2 BC = - ( -  l, 4) tanh 2 AC = 
( -  1, 1)(2, 4)' 
- - ( -  1, 4)(1, 3) tanh 2 CD = - ( -  1, 4) 
( -1 ,1 )  ' ( -1 ,2 )  ' 
- ( -  1,4) (0, 2) tanh 2 AB = - ( -  1, 4) 
(2, 4) ' (1, 4) ' 
while the remaining "parts" are the same as in the spherical case. 
One more restriction must be applied to the 2-digit symbols to ensure that the orthoscheme 
ABCD has a finite volume: the dihedral angles at D and A must be the angles of spherical or 
horospherical triangles, that is, 
Thus, 
ot+fl>>.It/2 and f l+y>~n/2.  
cos 2~+cos  2/3~<1 and cos 2 f l+cos  2y~<l. 
The latter inequality is equivalent o 
1 1 
(0, 2)(1, 3) + (1, 3)(2, 4) ~< 1 
or  
o r  
o r  
(0, 2) + (2, 4) ~< (0, 2)(1, 3)(2, 4) = (0, 2){(1, 2)(3, 4) + (2, 3)(1, 4)} 
(2, 4) ~< (0, 2)(1, 4) = (1, 2)(0, 4) + (0, 1)(2, 4) 
(0, 4) f> 0. (10) 
Similarly, the inequality cos2~ + cos2fl ~< 1 is equivalent o 
( -  1,3)/> 0. (11) 
The following expressions for edges all involve (0, 4) or ( -1 ,  3) or both: 
sech2AD=(-1 ,3 ) (0 ,4 ) ,  sech2BD=(- l ,3 ) (1 ,4 ) ,  sech2CD=(-1 ,3 ) (2 ,4 ) ,  
seth2 AC = ( -  1, 2)(0, 4), sech2AB = ( -  1, 1)(0,4). 
Since seth ~ = 0, we conclude that the hyperbolic orthoscheme is asymptotic if ( -  1, 3)(0, 4) = 0. 
More precisely, A is at infinity of (0, 4) = 0 and D is at infinity/f ( -  1, 3) = 0. 
In particular, if m = 2, that is, if ~ = n/4, the orthoscheme (0t, ~t, n/4) is doubly asymptotic (with 
both A and D at infinity) while (~, 7t/4, n/3) is singly asymptotic (with A or D at infinity), in 
agreement with the dissection equation (1). 
The hyperbolic orthoscheme was investigated (though not named), long before Schl/ifli, by 
Lobachevsky [14, pp. 92-97] who called it simply a "pyramid." For comparison with his treatment, 
note that we have interchanged his B and C. (He evidently wished the fight angle in the "base" 
ABC to be at C, as in most treatments of trigonometry.) As for the "parts", his 
a, b, c, h, q, r, ~', fl', m, B, ½~-~,  # 
are our 
BC, AB, AC, CD, BD, AD, BDC, ADB, CAD, ~, /3, 7. 
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Moreover, his equation (156) shows that his 6 is given by 
tan 5 = cos h' tan B = tanh CD tan ~t = _-- 1, 2) 
= x/ - - ( - -  1,4). (12) 
In terms of the "Lobachevsky function" 
oo 
fo _lV(-lr L(x) = log sec 0 dO = x log 2 + 2 z/ j  n 2 sin 2nx (13) 
1 
[14, pp. 53-54 with a minus sign corrected], he found that the volume P of the orthoscheme (~, fl, 7) 
is given by 
4P =L(2 -a  +5)-L(2-a -5)-L(fl +5)+L(fl -b) 
(14) 
It follows from equation (1) that, if tan27 +tan26 =2 (arising from sec27 =m and 
tan 2 5 = 3 - m), we have 
=4L(5)+4L(4+5)-4L(4-fi)-3L(6+5)+ 3L(6 -5  ). 
In particular, by setting 7 = 5 = n/4 and recalling that L(n/2)= (n/2)log 2, we see that 
4L - 3L - 3L + ~ log 2 = 0 
[12, p. 15]. By definition (13), 
oo 
(4 )  n,  _ 1~-~(--1)" . nn L = ~ log 2 + ~ ~ sm ~- 
1 
- l ' .  ) ~+ -~+. . .  
,~ z\ ~ ' 
and the volume P of the "symmetrical" orthoscheme (re/4, n/4, n/4) is given by 
(n )  l 1 1 4P =~log2-2L a = l -~+~-~+. . .  =0.915965... 
[15, pp. 473, 479; 12, p. 20]. 
8. TR ISECT ING A EUCL IDEAN ORTHOSCHEME 
By regarding Euclidean 3-space as a 3-sphere of infinite radius, we can justify Schlfifli's assertion 
[6, p. 156] that a Euclidean orthoscheme (a, fl, 7) satisfies 
sin ~t sin 7 = cosfl, (15) 
whence, by equation (9), 
( - -1 ,4 )=0.  (16) 
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The expressions in equations (8) for the edges are all zero, but the "tr iangular pattern" yields 
numbers proport ional to the Euclidean lengths if we delete the factor ( -  l, 4) from each of the 
expressions for tan 2 AD, etc. Thus, we can write 
/ (1,3) , 
AD = ~ ,  BD = X/i-- - ~, ] )  CD = I /x / ( -  1, 2), 
BC=I /x / ( -1 ,1 ) (2 ,4 ) ,  AC= (~0,2) ~/(2, 4)' AB = 1 /x /~,  4), 
while the remaining "parts" are the same as in the spherical case. Since the right-angled triangles 
yield complementary angles, we have tan CAD tan ADC = 1 and so on, in agreement with 
( -  l, 3)(0, 4) = l, which comes from equation (7) with t = 0, u = 3. 
The "one degree of  f reedom" can now be used to choose 
( -  1, 3) = (0, 4) = 1 (17) 
and to exhibit the "tr iangular pattern" as a fragment of  an infinite frieze pattern 
( -  1, 0) (0, 1) (1, 2) (2, 3) (3, 4) . . .  
( -  1, 1) (0, 2) (1, 3) (2, 4) (3, 5) 
( -  1, 2) (0, 3) (1,4) (2, 5) (3, 6) 
• .. ( -  l, 3) (0, 4) (l, 5) (2, 6) (3, 7) 
in which both the first and last rows consist entirely of  ones [13, p. 22]. The basic equation (2) 
determines a periodicity 
(s, t) = (t, s + 5) = (s + 5, t + 5), (18) 
which makes the frieze symmetrical by a glide-reflection: it is of type lg in Senechal's notation [16]. 
In fact [13, p. 56], by equation (3) with u =s  + 1 and v =s  +5,  since (s + 1,s +5)= 1 and 
(s, s + 5) = 0, we have 
(s, t) = (s, s + 1)(t, s + 5) = (t, s + 5). 
It follows that ( -  1, 1) = (1, 4), ( -  1, 2) = (2, 4), and the "parts" of  the Euclidean orthoscheme 
are given by 
0 ,  3) 1 
AD 2 = (0, 3), BD2 = (1,4)' CD2 = (2, 4---)' 
BC 2 = 1 AC 2 = (0, 2) AB 2 1 
(1, 4)(2, 4)' (2, 4)' (1, 4)' 
tan 2 at = (2, 4), tan 2 fl = (0, 3), tan 2 ~ = (1,4), 
1 1 
tan 2 CAD = (0, 2)' tan 2 BAD = (l, 3)(0, 4), tan 2 BAC = (2, 4----)' 
1 l 
tan 2 BDC = tan 2 ADC = (0, 2), tan 2 ADB = - -  
(1,4)' (1, 3)  
In particular, the orthoschemes (n/4, 7, ~) and (n/3, n/4, y) are Euclidean if sec 2 ~ = m = 3, so 
that sec 27 = - 3 and ~ ~ 54044'8" (see Section 5). It is remarkable that both the triangular patterns 
1 1 1 1 1 and 1 1 1 1 1 
2 1 3 1 2 2 1 3 
1 2 2 3 1 2 
1 1 1 1 
0 0 
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are fragments of the frieze pattern displayed in Section 1. In the case of (n/4, y, 7), the three 
perpendicular edges are 
AB = 1~ 4) = 1, 4)'-(2, 4) = CD = = 1. 
Trisecting this orthoscheme, we obtain ABEC, of type (n/3, n/4, 7). Using the second triangular 
pattern, we find the perpendicular edges 
AB = 1 BE (1, 4/(2, 4) EC 2] 4 / 
Since the volume of a Euclidean orthoscheme is one-sixth of the product of its three perpendicular 
edges, we are not surprised to see that 
BC x CD = 3BE x EC. 
For convenience in constructing a model, we can multiply by x/~, so that 
AB=BC=I ,  CD=x/~,  BE=N/~, EC= /~. 
The only essentially different riangular pattern contained in the frieze of Section 1 is 
1 1 1 1 
1 2 2 1 
1 3 1 
1 1 
0 
This describes the "cubic" orthoscheme (n/4, rr/3, rr/4) in which AB = BC = CD [13, p. 22]. The 
planes joining one diameter of a cube to the other three diameters, in turn, dissect he cube into 
six such orthoschemes: three dextro and three laevo. Moorhouse [17] noticed that two such 
orthoschemes, directly congruent (i.e. both dextro or both laevo), can be so placed that their 4 + 4 
vertices belong to the cube. They then provide a solution for Mbbius's problem of constructing 
a pair of "mutually inscribed" tetrahedra, the four vertices of each lying on the four face-planes 
of the other [18, p. 258]. 
9. A CHALLENGING DEFINITE INTEGRAL 
Returning to the subject of Section 3, consider the dissection of the spherical orthoscheme 
(r~/3, ~/3, n/3) into three pieces (only two of them congruent). Since now 
see: • = sec ~ fl = sec  2 }, = 4, 
the appropriate triangular pattern is 
I 1 1 1 1 
2 2 2 2 
3 3 3 
4 4 
5 
Looking again at Fig. 2, we see that, since now fl = 7, the oppositely congruent pieces ABEC and 
AFEC are of type (a, ~/4, n/3), where a = al = a2, while DFEC is of type (p, n/3, n/3). (We will 
determine p and a later.) 
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The triangular patterns for (p, 7r/3, x/3) and (a, n/4, x/3) are 
1 1 1 
m 2 
2m -- 1 3 
3m -- 2 4 
4m - -  3 
1 
2 
1 1 1 1 1 
n 1 2 2 
n -1  1 3 





tan 2 a = - -  ( -  1,4) _ n - 3 _ tan 2 a -- 2 = 1 - 2 cot 2 a. 
( - -1 ,2)  n - -1  tan 2a 
When a < n/4, it is convenient o express p and a in terms of 
x = sec 2a = sec 2p - 2 = sec 2 O" - -  2, 
and 
p=~sec- I (x+2) ,  a=sec- 'x /~+2 
and, if we allow the shape of  the orthoschemes to change continuously, 
2 dp = dx/(x + 2)x/(x + 1)(x + 3), 2 da = dx/(x + 2)x/~ + 1. 
By equation (15), (p, rt/3, x/3) is Euclidean when sin p = x/~, so that x = sec 2p - 2 = 1; and 
(a, rt/4, x/3) is Euclidean when sin a = x/~3, so that x = see 2 a - 2 = 1 again. 
Schl~ifli [6, pp. 157, 180] showed that, when 0~ varies while fl and y remain constant, the volume 
of  (~,/L 7) has the differential 
df(a,/L 7) = (4/*r2)a d0e, 
where a is the length of  the edge where the variable dihedral angle • occurs. In the present case, 
dot is dp or da, so, using equations (19), we have 
1 f~c2a sec -l x dx 
f(p, x/3, x/3) = ~ j ,  (x + 2)x/(x + 1)(x + 3) 
1 f ~e 2~ sec -  i x dx 
f(a, n/4, rc/3) = ~-~ .]1 (x + 2)x/x + 1 
When these orthoschemes arise as pieces of  (n/3, n/3, x/3), we have not only see 2p = sec 2 a (or 
cos 2p = cos 2 a)  but also, as we see in Fig. 2, 
p +2a =n,  
whence see 2p = see 2 a = 8 and sec 2a = 6. 
(19) 
and also 
n -3  
where m = ½ sec  2 p and n = sec 2 a. Using equations (8) with ABCD changed to ABEC or DFEC,  
we see that the length a of  the common edge EC is given by 
tan 2a= ( - l '4 ) -4m-3=2tan  2p-1  =2-cot  2p 
( -1 ,2 )  2m-1  tan 2p 
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On the other hand, the volume of  (~/3, n/3, n/3) itself is known to be 2n2/5! because this 
"symmetr ica l"  orthoscheme is the fundamental  region for the symmetric group $5 -~ [3, 3, 3], which 
is the symmetry group of  the regular simplex {3, 3, 3} [19, p. 573]. Hence, in terms of  the orthant 




f (n /3 ,  n/3, n/3) = 24/5! = 2/15, 
decomposit ion f (n /3 ,  n/3, ~/3) =f(p ,  n/3, n/3) + 2f(a, n/4, n/3) yields the surprising 
f l  6 sec-J x ( 1 F2)dx=2 C 
(x 3 
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